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This paper introduces a Bayesian spike-and-slab framework for spec-
tral analysis of time series data. The proposed method combines frequency
selection and dimensionality reduction with a refined grid of candidate fre-
quencies, enabling high-resolution recovery of oscillatory components while
promoting sparsity through a structured spike-and-slab prior. A stochastic
search algorithm efficiently explores the posterior space, yielding posterior
inclusion probabilities that quantify the relevance of each frequency. We ex-
tend the framework to multivariate signals via a hierarchical prior on fre-
quency inclusion patterns, allowing the model to capture both shared and
component-specific thythms across multiple time series. Extensive simula-
tion studies demonstrate the method’s robustness and superior performance
in frequency estimation and spectral power reconstruction compared to ex-
isting approaches. Applied to actigraphy data from individuals with partial-
onset seizures, the univariate model identifies clinically relevant circadian
and ultradian rhythms. In a second application, for the joint analysis of phys-
ical activity and skin temperature from a healthy individual, the multivari-
ate model reveals partially overlapping rhythmic components consistent with
known physiological coupling. This work establishes a powerful and inter-
pretable approach to spectral analysis, with broad applicability to wearable
data, chronobiology, and personalized health monitoring.

1. Introduction. Understanding the periodic patterns in cyclical phenomena provides
critical insights into the rhythmic, and potentially predictable drivers of variability. Assess-
ments of periodicity in a variety of measurable biological signals can enhance patient care
by forecasting physiological events (Grant, Newman and Kriegsfeld, 2020) and/or adverse
events (Friedrichs-Maeder et al., 2024; Vieluf et al., 2024). Among a plethora of such bio-
logical signals that can be derived from wearable devices, continuously collected accelerom-
etry at the wrist (“wrist actigraphy”) has received the greatest emphasis. Actigraphy offers
a unique, non-invasive view into an individual’s rest-activity cycles by capturing metrics re-
lated to sleep duration, timing, and daytime movement levels. In medical research, this data
can reveal patterns that align with changes in seizure frequency and the prevalence of psy-
chiatric symptoms, such as depression or anxiety (Lau et al., 2024) and also correlate with
aspects of neurological disability, such as seizure frequency and side effect burden (Abboud
et al., 2023). Increasingly, actigraphy is being complemented by additional wearable-derived
signals—such as skin temperature, heart rate, or electrodermal activity—that provide orthog-
onal yet physiologically related information. When analyzed jointly, these modalities can
reveal partially shared rhythms and enhance the detection of underlying chronobiological
patterns, motivating the need for multivariate modeling frameworks.

Keywords and phrases: Frequency selection, Fourier, Multivariate Data, Rest-Activity Rhythms, Spike-and-
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Despite the promise of actigraphy, a challenge remains in accurately and automatically
identifying the specific frequencies, amplitudes, and phases within activity data. These fre-
quency components, acting as signatures within the data, may offer a novel biomarker for
monitoring physiological conditions, potentially linking variations in rest-activity rhythms to
neurological states. Current research thus demands a methodology capable of extracting these
distinct periodicities directly from actigraphy time series, enabling more precise, data-driven
interpretations of rest-activity dynamics. Moreover, multivariate signals—such as physical
activity and skin temperature—can exhibit overlapping but distinct rhythms, motivating the
need for joint modeling frameworks that capture shared and modality-specific dynamics. Ro-
bust, data-adaptive techniques for frequency selection are crucial to advance our ability to use
actigraphy as a tool for continuous, real-world physiological monitoring in clinical settings.

Spectral analysis has long been a cornerstone for understanding stationary time series,
with the periodogram being one of the earliest tools. Developed as the squared magnitude of
the Fourier transform, the periodogram provides a raw estimate of the power spectral density
but often requires smoothing as the estimate is not consistent (Brockwell and Davis, 1991;
Shumway, Stoffer and Stoffer, 2000). Smoothing techniques, such as the Welch method and
multi-taper spectral estimation, improve stability by averaging across overlapping segments
or using orthogonal tapers (Percival and Walden, 1993). Fourier decomposition remains cen-
tral, where time series are expressed as a sum of sinusoidal components. This framework un-
derpins classical techniques like the discrete Fourier transform (DFT) and its variants, which
form the basis for harmonic analysis. Representing a time series as the sum of sine and cosine
functions at different frequencies provides a detailed and flexible framework for signal repre-
sentation . However, including all Fourier frequencies can lead to several drawbacks (Tseng,
Shrikumar and Kundaje, 2020; Lange, Brunton and Kutz, 2021): (i) overfitting, where the
model captures noise rather than meaningful periodic signals; (ii) computational scalability
issues, as the number of coefficients grows with the length of the time series; and (iii) poor
interpretability, as the model does not automatically identify the relevant frequencies that
drive overall variation in the data. Hence, selecting the appropriate subset of frequencies is
essential to balance model accuracy and computational efficiency.

Bayesian methods have been used to address challenges in spectral analysis by incorpo-
rating prior information and enabling probabilistic approaches to spectral estimation. For
example, Bretthorst (1988) introduced a Bayesian framework for spectral analysis, applying
it to univariate stationary processes through prior distributions on spectral densities. Choud-
huri, Ghosal and Roy (2004) utilized Dirichlet process priors and Bernstein polynomials for
flexible spectral density estimation. In the multivariate setting, Bayesian spectral modeling
has been extended to capture shared and component-specific structure across multiple time
series. For instance, Cadonna, Kottas and Prado (2019) proposed a hierarchical framework
that models the log-spectral density functions of multiple signals, allowing for borrowing of
strength across series while retaining individual spectral characteristics. More recently, Hu
and Prado (2023) developed computationally efficient methods for multivariate spectral esti-
mation using smoothing priors, enabling the identification of common spectral features across
high-dimensional signals with uncertainty quantification. However, these methods do not di-
rectly address the challenge of automatically selecting the significant peaks in the spectrum,
and hence the frequencies that drive the variation in the data. More recently, Granados-Garcia
et al. (2022) proposed a Bayesian nonparametric mixture of autoregressive kernels that can
data-adaptively identify both spectral peak locations and their associated bandwidths. In the
frequentist literature, penalized techniques like LASSO and Elastic Net (Tibshirani, 1996;
Zou and Hastie, 2005) may be applied in the context of a saturated Fourier regression, where
all possible Fourier frequencies are initially included, to encourage sparsity and improve in-
terpretability (Incremona and De Nicolao, 2019; Ha and Zhang, 2019). However, while these
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methods can help simplify the model, they can also lead to overfitting by selecting more
frequencies than necessary, making it harder to identify the true underlying periodic signals.

In this article, we propose a Bayesian spectral modeling approach that uses discrete
spike-and-slab priors for simultaneous frequency selection and dimensionality reduction. The
model uses a bivariate spike-and-slab prior over sinusoidal coefficients, enabling joint fre-
quency selection across sine and cosine terms. A minimum-separation constraint excludes
near-redundant components, while frequency-specific inclusion probabilities allow adapta-
tion to heterogeneous spectral features. Our prior model is complemented by incorporating
a refined grid of candidate frequencies, to improve the resolution of the model. Traditional
methods relying on Fourier frequencies often lack the precision needed to capture true pe-
riodicities, especially when fine temporal details are critical. By introducing a finer grid of
candidate frequencies, the model achieves more accurate recovery of periodic signals and
enhanced spectral estimates. While this refinement increases the number of frequency candi-
dates, it provides significant gains in precision and accuracy, as demonstrated in our simula-
tion studies. Together, the spike-and-slab prior and the refined frequency grid enable a power-
ful and flexible framework for spectral analysis. To model multivariate signals, we extend the
univariate prior by introducing a hierarchical structure on frequency inclusion indicators that
enables flexible learning of shared and component-specific periodicities across time series.
By placing a Dirichlet prior on inclusion patterns, the model borrows strength across signals
while allowing asynchronous rhythms. For posterior inference, we implement a stochastic
search algorithm that efficiently explores the space of frequency models by iteratively adding,
deleting, or swapping frequencies. We further improve computational efficiency by focusing
on the most relevant regions of the posterior space, guided by informed initialization based
on dominant frequencies in the data. Our proposed spike-and-slab prior modeling framework
allows to quantify posterior probabilities of inclusion for each frequency and the posterior
distribution over the number of frequencies, offering insight into the model’s complexity.

We evaluate the performance of our proposed approach through extensive simulation stud-
ies, demonstrating accuracy in identifying frequencies that drive variation in the data, robust-
ness across diverse scenarios, and clear advantages over existing alternative methods. This
includes both univariate and multivariate settings, with simulations illustrating the method’s
ability to recover shared and component-specific rhythms across multiple time series. We then
present two real-data applications. In the first, we apply the model to univariate actigraphy
data collected from individuals with partial-onset seizures. We show that the model effec-
tively identifies distinct frequency components by leveraging sparsity while preserving key
oscillatory features. Specifically, the approach enables the robust extraction of circadian and
ultradian rhythms, accurately capturing both dominant and subtle periodicities in the data.
In the second application, we analyze bivariate data from a healthy individual, jointly mod-
eling physical activity and skin temperature. This multivariate analysis reveals both shared
and modality-specific components, capturing well-known physiological coupling between
behavioral and thermoregulatory rhythms. By leveraging a structured spike-and-slab prior,
the model promotes sparsity while flexibly capturing multiscale spectral structure.

The remainder of the paper is organized as follows: Section 2 introduces the model and
prior specification, Section 3 details the proposed MCMC algorithm and discusses posterior
inference. Section 4 presents the simulation studies, and Section 5 illustrates the applications
to measurements from wearable devices. Section 6 concludes the paper with a discussion.

2. Methods.

2.1. Spectral Modeling. Consider a time series realization y = (y1,...,yr), with T" de-
noting the length of the time series. For simplicity, we assume 7' is even. In spectral analysis,
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the observed time series can be exactly expressed as a weighted sum of sines and cosines os-
cillating at the Fourier frequencies w;j = j /T, for j =1,..., Mgz, With Myq, = (T/2 — 1)
being the maximum number of frequencies included in the model. Hence, we can formulate
a saturated regression model involving all Fourier coefficients as

Mmax
@.1) yi=>_ { B cos(@rst) + Bjasin (2niyt) | + =,
j=1
fort=1,...,T. Here, the linear coefficients ;1 and [3;2 determine amplitude and phase of

sine and cosine at frequency w;; the power can be summarized as P(w;) = ,8]21 + 6]22, which
denotes the relative contribution of frequency w; to the overall variation in the data. Further,
we assume normally distributed errors with zero mean and variance o2, i.e. ¢, ~ N(0,0?).

2.1.1. Dense Grid of Candidate Frequencies. Frequency domain analysis is inherently
constrained by the duration of the input time series. According to the Fourier uncertainty prin-
ciple, the resolution of frequency domain output improves with longer time series segments,
as the number of available frequency bins increases with the temporal integration window
(Percival and Walden, 1993). Typically, one would consider the set of Fourier frequencies,
w; = j/T, as potential candidates for inclusion in a model. However, this approach limits
the precision with which one can recover true periodicities. For instance, in cases where fine
temporal details are needed, relying solely on Fourier frequencies may result in estimates
that are close but not precise. To address this problem, we consider a dense grid of candidate
frequencies, w; = j - Aw for j =0,1,2,..., L, where Aw controls the grid resolution, and L
is chosen such that w; € (0,0.5), since the contribution of each frequency is symmetric and
periodic, so frequencies above 0.5 are aliased with those below and do not provide additional
information. By decreasing Aw, we enhance the frequency resolution, enabling more precise
recovery of true periodicities. In section 4 we show on simulated data how a denser grid not
only improves the estimate of the location of the frequencies but also their estimated power.

This choice provides a denser discretization of the frequency domain, which can improve
the ability to localize true periodicities compared to approaches restricted to the Fourier fre-
quencies. As shown in Keil et al. (2022), finer grids improve resolution, particularly in cases
where high temporal resolution competes with the need for fine frequency distinctions. We
note that Wu and Zhou (2024) also advocate the use of dense frequency grids with suffi-
ciently fine mesh size to achieve improved frequency localization and near-parametric esti-
mation accuracy in complex or non-stationary time series. By improving the grid resolution,
we mitigate aliasing effects, as highlighted by the Nyquist sampling theorem, and achieve a
more precise balance between temporal and frequency resolution (Keil et al., 2022). How-
ever, it is important to note that as the grid becomes finer, the number of potential frequencies
increases, leading to higher computational costs. Therefore, the more precise localization of
oscillatory components comes with a trade-off in terms of computational efficiency.

2.2. Frequency Selection through Spike-and-Slab Priors. 'We propose an approach based
on discrete spike-and-slab priors that allows for simultaneous frequency selection and di-
mensionality reduction. Spike-and-slab priors are commonly used in regression models to
achieve variable selection with the goal of identifing the most relevant predictors from a set of
available covariates (Mitchell and Beauchamp, 1988; George and McCulloch, 1993; Brown,
Vannucci and Fearn, 1998). These priors combine two components: a spike that concentrates
probability mass at zero (indicating that a variable is not included in the model) and a slab that
has its mass distributed over a broad range of possible values. In the regression context, these
sparsity-inducing mixture priors are applied to the regression coefficients, allowing irrelevant
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covariates to be excluded by assigning their coefficients a value of zero. Spike-and-slab priors
offer several benefits, including the ability to facilitate complex modeling through MCMC-
based stochastic search, provide accurate predictions via model averaging, adapt seamlessly
to multivariate and nonlinear frameworks, and address high-dimensional problems where the
number of covariates surpasses the available data. Additionally, they enable the integration
of prior knowledge into the modeling process. See Tadesse and Vannucci (2021) for a com-
prehensive review of theoretical, methodological and computational aspects of these priors.
In our modeling framework, the spike part of the prior corresponds to assuming that some
frequencies may not be relevant in the analysis; that is, some coefficients in the spectral de-
composition (Eq. 2.1) should be set to zeros. On the other hand, the slab part allows the
inclusion of frequencies with non-zero coefficients, recognizing that certain frequencies may
have a meaningful impact on the signal and should be included in the model.

Let z; be the latent inclusion indicator variable for frequency wj;, such that z; = 1 if w;
significantly contributes to driving the overall oscillatory behavior of the time series, and z; =
0 otherwise. We assume a discrete spike-and-slab prior on the coefficients 3; = (5;1, Bj2) as

(2.2) [B] | Zj] ~ Zj 'NQ(0,0‘%IQ)—I-(I—Z]') '60(,3j),
where d( denotes the bivariate Dirac mass at zero, that is, 6o(3;) = 1 if 3; = 0 and 0 other-
wise. The slab variance ag is a hyperparameter controlling the prior dispersion of the active

coefficients. In the applications of this paper, we fix ag to a moderately large value, to avoid
over-shrinkage. We enforce sparsity and improve interpretability by assuming a constrained

joint prior on the inclusion vector z = (21, ..., zpr,, ) defined as
23 p(z | @) a (1—aj)t |1 min wij —wi|>d
( ) ‘ H j<k: Z]':Z)C:l‘ J k‘ - ’

where I(-) is the indicator function and d is a user-defined minimum frequency separa-
tion threshold. This constraint ensures that any pair of active frequencies in the model are
separated by at least d, thereby reducing collinearity among basis elements and improving
identifiability. Configurations violating this constraint receive zero prior probability and are
excluded from the posterior support. A similar principle is discussed by Hadj-Amar et al.
(2020). This minimum-separation rule reflects both modeling and computational consider-
ations: nearby frequencies are often difficult to distinguish given finite sample sizes, and
including them may lead to overfitting or unstable inference. By integrating the separation
condition directly into the prior, we guarantee that all valid configurations reside on a well-
behaved, interpretable, and identifiable subspace of the model space. This formulation leads
to a parsimonious and structured representation that facilitates automatic frequency selec-
tion while preserving model coherence. See Section 2.2.1 below for further discussion on
how to set the parameter d. Furthermore, we assume «; ~ Beta(a,b) and integrate the a;’s

out analytically, leading to a collapsed marginal prior on z; given by p(z; = 1) = 243 and
p(z; =0) = a%b noting that the minimum-separation constraint remains in effect under the

marginal prior, as configurations violating the threshold continue to receive zero probability.
By allowing frequency-specific inclusion probabilities a; we achieve greater flexibility than
using a single global parameter «, as this allows the model to accommodate heterogeneity in
the likelihood of inclusion across different regions of the frequency spectrum. We complete
the prior model with an inverse-gamma prior on the residual variance, o2 ~ IG(70/2,v0/2).

2.2.1. Minimum Separation Constraint: Specification and Rationale. As introduced in
the prior in Eq. (2.3), the inclusion vector z = (21, ..., 21, ) is restricted to configurations
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in which any pair of included frequencies are separated by at least d bins on the refined fre-
quency grid. We now discuss the rationale for setting this parameter and its role in the model.
In our implementation, we fix the minimum separation to d = 5, which corresponds to a fre-
quency gap of approximately five bins on the refined grid. This choice reflects both biological
plausibility and statistical stability. In the context of our applications to wearable data, we aim
to capture dominant oscillations such as the circadian rhythm (approximately 24 hours), ul-
tradian rhythms (e.g., 12 hours), and infradian cycles. On a fine frequency grid—such as one
constructed with resolution 1/N—adjacent bins may correspond to very similar periods. For
instance, frequencies near the circadian range might correspond to periods of 24.64, 24.30,
23.96, 23.63, and 23.31 hours. Including both 23.96 and 23.31 hours in the same model would
be physiologically implausible, as they reflect nearly indistinguishable periodicities from a
biological standpoint. Formally, the separation constraint enforces the condition:
C omin |wj —wg| >d- Aw,
j<k:zj=z,=1

where Aw is the frequency bin width. This ensures that the selected frequency components
{wj : zj = 1} are well separated, reducing redundancy and improving identifiability of latent
periodicities. In practice, this has two major benefits: (i) it avoids collinearity among the
basis vectors associated with nearby frequencies, thereby improving the stability of posterior
inference; and (ii) it concentrates posterior inclusion probabilities (PIPs) around dominant
components. Without the constraint, the model may spread posterior mass across a cluster of
collinear frequencies, making interpretation difficult and diluting the PIP of each.

Importantly, while d is a user-specified parameter, its effects are interpretable and pre-
dictable. Smaller values of d increase flexibility but may lead to overfitting or redundancys;
larger values promote parsimony but may miss closely spaced true signals. In our applica-
tion, we found d = 5 to provide a balanced compromise, yielding stable posterior summaries
and interpretable rhythm estimates across a range of subjects. Note that as the frequency
grid becomes more refined (i.e., with smaller Aw), a proportionally larger value of d helps
maintain identifiability by preventing the inclusion of highly correlated or physiologically
indistinguishable components. The impact of d in settings with closely spaced frequencies is
further investigated in a simulation study reported in the Supplementary Material.

2.3. Extension to Multivariate Data with Shared Spectral Structure. The univariate set-
ting introduced earlier models an individual time series as a sum of sinusoidal components,
with spike-and-slab priors guiding frequency selection. In multivariate settings, where mul-
tiple related time series are observed, it is often reasonable to expect that some oscillatory
components recur across datasets. Applying the univariate model to each time series sepa-
rately would ignore these potential commonalities. We propose an extension to a joint model
that retains component-specific flexibility for each time series while introducing a hierarchi-
cal prior to couple frequency inclusion across datasets.

Lety; = (yi1,...,4p) | € RP denote the observed values of a D-dimensional time series
attimet=1,...,T. For each component i € {1,..., D}, we model the time series as a linear
combination of sinusoidal functions with component-specific coefficients:

Mmax
1 2) .
Ypi = Z {BJ(.-) cos(2mw;t) + BJ(-i) sm(27rwjt)} + e, e ~N(0,07),
j=1
where the set of candidate frequencies w; has already been introduced in the univariate for-
mulation, and 3;; = (/6’](11 ), ﬂ](?))T are the component-specific coefficients determining the
contribution of each frequency to component . Here 02-2 is the residual variance for the i-th



FREQUENCY SELECTION IN BAYESIAN SPECTRAL MODELING 7

component. In order to extend the spike-and-slab prior to the multivariate setting, we intro-
duce binary indicators z;; € {0, 1} for each frequency w; and component 4, such that 3;; is
drawn from a slab prior if zj; = 1 and set to zero otherwise. This allows each component
of the multivariate signal to selectively include or exclude any frequency. Rather than treat-
ing each z;; independently, we define a joint inclusion pattern z; = (zj1,...,z;p) € {0,1}¥
across all components for each frequency w;, as described below.

2.3.1. Structured Frequency Inclusion via Hierarchical Priors. 'To introduce structured
information sharing across components, we place a hierarchical prior on the joint inclusion
pattern z; for each frequency w;. Specifically, we assume that z; is drawn from a cate-
gorical distribution with probability vector 7, which itself is given a Dirichlet prior, e.g.,
z; ~ Categorical(7r) and 7 ~ Dirichlet(c). For example, in the bivariate case (D = 2), the
vector 7 = (mgo, 10, To1,711) encodes the prior probabilities of all possible inclusion con-
figurations across the two components. This hierarchical formulation couples frequency se-
lection across components, allowing the model to borrow strength and favor synchronized
inclusion patterns when supported by the data, while still permitting component-specific se-
lections when necessary. For instance, a high value of 71; increases the probability that the
same frequency is selected in both components, reflecting potential physiological synchro-
nization or common periodic regulation. On the other hand, higher values of 7 or w1 allow
for frequency inclusion in only one component, thus preserving the capacity for component-
specific rhythms. By inferring 7 from the data, the model can adaptively learn whether spec-
tral patterns are shared or distinct across components. Furthermore, the Dirichlet prior on
7 introduces further modeling flexibility by enabling us to encode prior beliefs about the
prevalence of different patterns. Specifically, the hyperparameters o« = (oo, 10, 01, 11)
control the prior weight placed on each configuration: larger values of agg promote sparsity
by favoring exclusion from both components, while higher values of «1; encourage joint in-
clusion. This allows the prior to reflect different expectations about frequency sharing based
on domain knowledge or modeling goals.

As in the univariate setting, we impose the same minimum-separation constraint on the
selected frequencies within each component. Specifically, for any two frequencies w; and wy,
included in the same component ¢, we require that they be separated by at least d units on the
frequency grid. This constraint is incorporated into the joint prior as:

Minax
p({zj}jj\i"f" | ) o H m(z)| -1 < min . lwj —wg| >dforallie {1,...,D}) :
J

1 J<k;zji=zpi=

This enforces the separation constraint in a component-wise manner, ensuring that active
frequencies remain well-separated in each dimension without redundancy.

While the inclusion indicators z; govern whether a frequency is selected in each com-
ponent, the model retains flexibility at the coefficient level. Specifically, when z;; = 1, the
corresponding component ¢ maintains its own coefficient vector 3;;, allowing for differences
in amplitude and phase across components even when the same frequency is shared. This for-
mulation captures both synchrony and heterogeneity: shared frequencies can exhibit aligned
periodic behavior across components, yet magnitude and phase of oscillations may vary. This
allows the model to support flexible and interpretable multivariate spectral decompositions.

3. Markov Chain Monte Carlo Sampler. We first describe the MCMC sampler for the
univariate model of Section 2.1. Let 3 = (ﬁ’l, . ,,ngmw)/ be the vector of coefficients cor-

responding to the entire set of frequencies w = (@1, .. .,On,,,. ), where B; = (8,1, B;2) , and
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let z = (21,...,2n,,,,) denote the vector of inclusion indicators for the frequencies. Then,
Bayesian inference is based on the following factorization of the joint posterior distribution,

3.1) p(z,8,0%y,w) < p(y|z, 8,07, w)p(2)p(B:| 2)p(0?).

We devise a Metropolis-within-Gibbs sampler that iteratively alternates between sampling
the indicators z, the variance o2 and the active coefficients 3, corresponding to the in-
cluded frequencies, namely B, = {B; : z; =1, j =1,..., My} for w, = {@; : z; =
1, j=1,..., Mpas}. At a generic MCMC iteration we update the parameters as follows:

¢ Jointly updating active frequency indicators z and linear basis coefficients 3,: We
perform a joint sampling of z and 3, following the frequently employed stochastic search
MCMC algorithm of Savitsky, Vannucci and Sha (2011), that cleverly avoids having to deal
with the changing dimensions of the parameter space via a joint update of the inclusion in-
dicators and the corresponding coefficients. This algorithm involves add-delete-swap moves,
enabling the exploration of the posterior space by sequentially visiting models with different
numbers of frequencies. Importantly, all proposed moves are embedded within a Metropolis—
Hastings (MH) framework with appropriate acceptance probabilities, ensuring that the result-
ing Markov chain satisfies detailed balance and leaves the posterior distribution invariant. At
each step, the new model differs from the previous one by including and/or excluding one
frequency. The indices for modification are selected uniformly at random among valid can-
didates, conditional on the minimum separation constraint provided in Eq. (2.3). Thus, the
move set is defined on the support of the prior. To elaborate, at each iteration the new model
is created from the previous one by randomly selecting one of the following moves:

1. Adding or deleting a frequency: Select one of the M,,,, indices in z°“"" at random and

modify its value (add: 0 — 1; delete: 1 — 0). This either includes a new frequency in the
model or deletes a frequency currently included. This move is carried out jointly for the
pair of coefficients 3; = (51, 5;2), that is, they are simultaneously added or removed,
hence ensuring that the corresponding frequency w; is added or removed, respectively,
from the model. When adding a frequency, the new pair of coefficients 3" is sampled
from the conjugate Normal posterior distribution (see Eq. 3.3 below) of the entire vector
3. of active linear coefficients, conditional on the proposed active frequencies determined
by zP"°P, The j-th components are then selected as the proposed linear coefficients. The
acceptance probability for adding a frequency is given by

2
p(y|zprop’ Bprop’ 02, w)p(z;)rop) Hi:l p(ﬁﬁ')irop’z;)rop)
p(y|zcur7" Bcum" 02, w)p<zjqurr) ’
whereas the one for deleting a frequency is calculated similarly by inverting Eq. (3.2).
2. Swapping frequencies: Select a 0 and a 1 at random from 2", then switch their values.

This process adds a new frequency to the model while removing a currently included one.
Naturally, this is reflected in the corresponding pair of coefficients (3;1, 5;2).

(3.2) min |1,

o Updating the active linear basis coefficients 3,: We perform a standard Bayesian up-
date of the active linear coefficients 3,. This update is not required for ergodicity, but it
helps to speed up the convergence of the chain by supplying relatively more sampled values
of the parameters at a given iterations (Savitsky, Vannucci and Sha, 2011). Specifically, the
posterior distribution of 3, conditional on o2, y, and w, follows a multivariate normal dis-
tribution, B, |02, y,w. ~ Naar(Ar, 1), where M is the number of active frequencies. The
parameters of these distributions are defined as:

1 1 1
(3.3) =t= U—%IQM -+ ;X(wz)’X(wz), Ar = Ple)((wz)’y.
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Here, the spectral matrix X (w) is the matrix of basis functions with rows given by
@i (wz) = (cos(2m@r),sin(27@1),. .., cos(2rwr), sin(2rwyy)), t=1,...,T.

e Updating the residual variance o2: This is standard, as the posterior distribution of o2
follows an inverse-gamma distribution, 02|y, 3., w, ~ IG(y7, vr), with updated parameters

T
T+ 1 ,
(3.4) 7= 707 vr=5 (Vo + ;{yt —xy(w2) 5z}2> :

As noted above, the minimum-separation constraint is not merely imposed on the proposal
mechanism but is embedded in the prior (Eq. 2.3). Therefore, the posterior is zero outside this
constrained support, and the sampler only explores valid configurations. Since the proposal
mechanism ensures that each transition remains within this support and the move set con-
nects all valid configurations (e.g., from (1,0,0,...) to (1,0,...,1) is reachable through a
finite number of add/delete steps that maintain spacing), the Markov chain is irreducible over
the support of the posterior. Hence, the sampler is valid and converges to the correct target
distribution. In our implementation, the list of valid candidate indices for add/delete and swap
moves is dynamically updated at each MCMC step to reflect the current configuration and
separation constraint. This ensures the proposal mechanism remains efficient and valid with-
out revisiting zero-probability states. Furthermore, to improve efficiency of the sampler and
expedite convergence, we propose initializing the frequencies in the model using the locations
of the top M+ peaks from the periodogram. This approach leverages the periodogram as a
simple yet effective tool for identifying dominant frequencies in the data, providing informed
starting values and reducing time spent by the sampler exploring low-probability areas.

3.1. MCMC Sampler for Multivariate Data. The sampler scheme described above can
be extended to the the case of multiple time series. In the setting described in Section 2.3 each
component retains its own set of Fourier coefficients and residual variance and inference is
coupled across series through a shared prior over joint frequency inclusion patterns. Accord-
ingly, the sampler enables (i) structured cross-component frequency selection, (ii) flexible
reallocation across dimensions, and (iii) Bayesian learning of inclusion structure. We provide
a short description of the algorithm here, with full details in the Supplementary Material.

At each iteration, the sampler proposes a local modification to the binary inclusion vec-
tor associated with a single frequency—either by toggling inclusion in one component
(add/delete) or by swapping the inclusion status between two components, which may belong
to the same or different dimensions. Crucially, these swap moves can reallocate spectral fea-
tures across different components, allowing the sampler to explore cross-series spectral shar-
ing in a flexible, data-driven way. Each proposal is accepted only if it respects a minimum-
separation constraint within each component, and the MH ratio is computed using only the
components affected by the change, which significantly improves computational efficiency.
In line with the univariate sampler, each proposed inclusion move is paired with a joint update
of the corresponding Fourier coefficients, sampled from their conditional Gaussian distribu-
tion under the proposed model. This pair (z} ', /3> ") is then accepted or rejected using a
MH step. After the inclusion indicators are updated, we perform a second stage of updates:
we re-sample all active Fourier coefficients and component-specific residual variances from
their full conjugate posteriors. This two-step strategy improves mixing by refining the coef-
ficients under the current model configuration. Finally, the parameter of the Dirichlet prior
over inclusion configurations is updated via its conjugate posterior, allowing the model to
adaptively learn the relative prevalence of inclusion patterns across components. This hier-
archical structure encourages shared frequency selection when supported by the data, while
preserving the flexibility to model component-specific spectral features.
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3.2. Posterior Inference. The procedures described in this section apply to both the uni-
variate and multivariate models introduced earlier. From the MCMC output, we estimate
Posterior Probabilities of Inclusion (PPIs) for each frequency w;, formally defined as the pos-
terior probability that z; = 1, and estimated from the MCMC samples as P(z; =1|y,:) =

% 23321 zj(-s), with S the number of MCMC iterations and z§s) the value of the latent indicator
z; at the s-th iteration. This quantity provides a probabilistic assessment of the importance
of each frequency, allowing us to prioritize those with higher PPIs as key contributors to the
signal. We follow Barbieri and Berger (2004), and select key frequencies as those with PPI
greater than 0.5. Alternatively, one could impose a more stricter rule based on high posterior
inclusion probabilities (e.g., PPI > 0.9) to promote additional parsimony in the model. The
model also provides a posterior distribution over the total number of selected frequencies,
which serves as a natural measure of model complexity. This is computed as:

1 S Miax
P(M=jly)=gY 1| > 5"=j],
s=1 j=1

where I(-) is the indicator function, which equals 1 if the sum of the latent indicators at
iteration s is equal to j, and O otherwise. In the multivariate setting, this distribution can be
computed separately for each component, or jointly over inclusion patterns, depending on the
structure of interest (see Section 2.3).

4. Simulation Studies. We conduct simulation studies to assess the performance of our
proposed method, hereafter referred to as spectralSS (spectral spike-and-slab).

4.1. Hlustrative Example. In this simulation example, we generate a time series with 7' =
512 time points, where the periodic behavior is driven by M = 4 relevant frequencies w =
(1/67,1/21,1/13,1/8). The corresponding coefficients are 311 = 0.6, 312 = —0.6, 21 =
1.0, Bao = 0.3, 831 = 1.0, 832 = 0.2, B41 = 1.0, and B49 = —1.0, while the residual variance
is set to 02 = 1.5. This selection of frequencies captures a range of oscillatory behaviors,
incorporating both high-power and low-power components, as well as very low and relatively
high frequencies, providing a diverse representation of the underlying signal. Figure 1 (a)
shows a realization of the process alongside the underlying signal.

We set the hyperparameters for the inclusion probability «;, following a Beta distribu-
tion, as @ = 1 and b = 10, reflecting mild prior knowledge about sparsity. We choose an
uninformative prior for the residual variance, setting o = vp = 0.001, and specify the slab
variance of the linear coefficients as weakly informative with a% = 10. When running the
sampler, we selected a finely spaced grid of candidate frequencies, defined as w; = j - Aw
for j =0,1,2,..., L, with a step size of Aw = 0.0001 and a total of L = 5000 frequency
points. In Section 4.1.2 below we show how this choice improves performances with respect
to standard Fourier frequencies, which produce worse results in terms of both the accuracy
of frequency estimation and the corresponding power. We ran the MCMC sampler for 50,000
iterations, discarding the first 25,000 as burn-in. For the initial values of the periodogram, we
selected the two most prominent peaks and imposed a minimum distance between selected
frequencies of d = 3 to avoid closely spaced frequencies. Additionally, we experimented with
an alternative initialization by including all frequencies in the model from the start, to assess
whether the sampler could correctly identify the relevant frequencies and corresponding lin-
ear coefficients, as detailed in the Supplementary Material. Although this approach worked,
initializing the sampler with only the two peaks significantly reduced the computational time
required for convergence. With this parameterization, the sampler was run in approximately
50 seconds using software implemented in Julia. Convergence diagnostics for the MCMC
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Fig 1: Simulation Study. (a) Simulated data (blue dots), true signal (dotted red line), and
100 draws from the estimated posterior predictive distribution (grey lines). (b) PPIs of the
frequencies (black lines) and estimated square root of the power (blue lines) for frequencies
with PPI> 0.5. (c) Box plots of the estimated square root of power P (w;) at each frequency,
conditioned on M = 4, with true power values shown as red dotted lines, for a finer grid
and the classical Fourier grid. (d) Comparison of error metrics between a finer grid and the
classical Fourier grid (MSE of the signal on the left and MAE of the power on the right).

sampler, including trace plots and the Heidelberger and Welch (Heidelberger and Welch,
1981) test to assess the model’s reliability, are detailed in the Supplementary Material.

The mode of the posterior probability for the number of frequencies resulted in p(M =
4ly,-) = 0.78. Conditional on the modal number of frequencies, the estimated vector of
significant frequencies were w = (0.0154,0.0476,0.0772,0.125) and corresponding power
P(w) =(0.744,1.033,1.082,1.434). Figure 1 (a) displays a graphical posterior predictive
check, consisting of the observations alongside 100 draws from the estimated posterior pre-
dictive (Gelman, 2007), showing that the model correctly captures the underlying signal.
Figure 1 (b) illustrates the posterior inclusion probabilities (PPIs) of the frequencies together

with the estimated square root of the power of the selected frequencies P(w;) = 1/ Ajzl + AJ22)
for those frequencies with PPI > 0.5. Using a more stringent threshold (PPI > 0.9) yields the
same set of selected frequencies in this simulation study. Therefore, the model correctly iden-
tifies the number of frequencies and their location, as well as the corresponding magnitude.

4.1.1. Comparison Study. We evaluate the performance of our discrete spike-and-slab
approach in identifying relevant frequencies against regularization techniques that operate on
the same set of Fourier frequencies. Specifically, our methodology is benchmarked against
four alternative approaches, each representing a different strategy for frequency selection in
time series analysis: (i) spectralLASSO: This approach adopts the same saturated regres-
sion model framework as our proposed method. However, instead of using a spike-and-slab
prior for frequency selection, variable selection is achieved via LASSO penalization (Tib-
shirani, 1996). This penalization method imposes an ¢;-norm constraint on the linear co-
efficients, which promotes sparsity by shrinking many of the Fourier coefficients to zero.
(i1) spectralEN (spectral Elastic Net): Like LASSO, Elastic Net (Zou and Hastie, 2005)
begins with a saturated regression model over all Fourier frequencies. However, it applies
both ¢;- and ¢»-norm constraints. While this dual-penalty structure can be advantageous in
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certain applications, the Elastic Net approach may include irrelevant frequencies due to its
tendency to retain correlated predictors, potentially affecting model interpretability and pre-
cision in frequency selection. (iii) spectral SCAD: This method replaces the LASSO penalty
with the Smoothly Clipped Absolute Deviation (SCAD, Fan and Li 2001) penalty, a non-
convex regularization technique known to reduce shrinkage bias for large coefficients while
maintaining sparsity. SCAD can offer improved frequency selection when the true signal
is sparse and the Fourier basis is highly correlated. (iv) spectralMCP: This approach em-
ploys the Minimax Concave Penalty (MCP, Zhang 2010), another non-convex alternative
designed to balance sparsity and estimation bias. MCP aggressively shrinks small coeffi-
cients while preserving larger ones, often leading to more precise frequency recovery under
low signal-to-noise scenarios. We implemented spectral LASSO, spectralEN, spectralSCAD,
and spectralMCP ourselves, using the glmnet and ncvreg packages in R. We utilized the
following measures to assess accuracy in estimating both frequency locations and spectral
power: (i) Mean Squared Error of the signal, calculated as MSEg = %Zle( fo— f1)2,

(ii) Absolute Error of the power, AEp = ‘Z;‘i 1 P(wj) — Zj\i L P(w;)|, and (iii) Absolute

Error of the frequencies, AEr = ‘Z]]Vi LW — ij\i 1 wj |, where the hat notation denotes esti-

mated parameters. Here, f and f represent the true and estimated signals, respectively (e.g.,
fo=00 1 {By1 cos(2mwjt) + Bjpsin(2mw;t) }).

The performance of our proposed approach across 50 simulations, compared with spectral-
LASSO, spectralEN, spectralSCAD, and spectralMCP, is illustrated in Figure 2. We present
boxplots of (a) log(AEF), (b) log(MSEs), (c) log(AEp), (d) the logarithm of the selected
number of frequencies, and (e) log computational time. Our proposed method, spectralSS,
demonstrates superior accuracy across all performance metrics. In particular, it achieves
the lowest median error in frequency estimation, signal reconstruction, and power spec-
trum approximation, while also recovering the true number of frequencies more consistently
than the other approaches. Although spectralSS is computationally more intensive than the
regularization-based methods, the trade-off results in significantly improved performance.
Among the penalization-based competitors, the non-convex methods—spectralSCAD and
spectralMCP—generally outperform spectralLASSO and spectralEN in terms of accuracy,
but tend to be less sparse or less stable in frequency selection than spectralSS. Notably, spec-
tralEN exhibits a tendency to overestimate the number of active frequencies. This scenario
considers a high-dimensional setting with a very small sample size relative to the number
of candidate frequencies; specifically, the saturated spectral design matrix has dimension
512 x 10,000. Despite this challenging regime, our approach shows remarkable power and
precision, consistently identifying the relevant components with minimal estimation error.

4.1.2. Finer Grid of Frequencies. Next, we investigate the advantages of selecting a finer
grid of frequencies in comparison to the classical Fourier grid. To explore this, we simulated
50 time series based on the same simulation scenario described above, using both types of
frequency grids. Figure 1 (c) presents box plots of the estimated square root of the power
P (w;) at each frequency, for each frequency grid, with the results conditioned on the esti-
mated number of frequencies M = 4. The dotted horizontal red lines correspond to the true
values of the power. For this example, selecting a finer frequency grid generally outperforms
the Fourier grid, except for the frequency 0.125 (i.e., periodicity 8) where the results are al-
most identical. Figurel (d) displays box plots of the M S Eg of the signal and the AEp for
both methods. Thus, the finer frequency grid consistently outperforms the classical Fourier
grid in terms of both signal reconstruction and power estimation.

In the Supplementary Material we further investigate the behavior of the proposed method
in scenarios where oscillatory components are closely spaced in the frequency domain and
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Fig 2: Simulation Study. Comparison of the performance of our proposed method (spec-
tralSS) across 50 simulations against spectralLASSO, spectralEN, spectralSCAD and spec-
tralMCP. Boxplots illustrate (a) log(AEF), (b) log(M SEg), (c) log(AEp), (d) the logarithm
of the selected number of frequencies, and (e) log computational time (in seconds).

compare its performance with alternative methods. We also examine the effectiveness of our
proposed method in detecting spectral peaks when there is a mismatch between the model
and the data-generating process. Finally, we present results from a sensitivity analysis.

4.2. Bivariate Time Series. Next, we consider a bivariate simulation with 7" = 512 time
points, where each component exhibits distinct but partially overlapping periodic behavior.
Specifically, the first series is generated using My = 2 active frequencies, wy = (1/67, 1/13),
while the second relies on My = 3 active frequencies, wo = (1/21, 1/13, 1/6). The corre-
sponding Fourier coefficients are set to 811 = (1.0, —0.4), B21 = (0.8, 1.0) for the first
dimension, and 312 = (0.9, 0.5), B22 = (—1.0, 0.8), B32 = (0.7, —0.9) for the second. In-
dependent Gaussian noise is added to each series, with component-specific variances set to
0? =1 and o5 = 1. Notably, the two components share a common frequency at 1/13, al-
though their amplitudes and phases differ, yielding both shared and dimension-specific struc-
ture. We specified the Dirichlet hyperparameter for 7w as a = (10.0, 3.0, 3.0, 3.0), leading to
a prior that favors configurations with fewer jointly selected frequencies across components.
Figure 3 (a) shows a realization of the process alongside the underlying signal.

The posterior mode for the number of active frequencies was M; = 2 and M = 3 for
the two components, with respective posterior probabilities p(M; =2 | y,-) = 0.87 and
p(Ms =3]y,-) = 0.82. Conditional on these modal values, the estimated sets of dominant
frequencies were w; = (0.016,0.076) and w92 = (0.047,0.076,0.166), with corresponding
estimated signal power P(w;) = (1.15,0.76) and P(w2) = (0.90,0.61,1.07). Figure 3(b)
displays the PPIs across the candidate frequency grid for each component, along with the
estimated square root of the signal power for frequencies with PPI > 0.5. The model suc-
cessfully recovers the true number and location of the generating frequencies in both series
and, crucially, identifies a shared frequency at w = 0.076 that is included in both compo-
nents but with distinct amplitudes—highlighting its ability to capture partially overlapping
yet component-specific spectral structure. In the Supplementary Materials we further show
that similar results are obtained when the data are generated with correlated errors across
components, despite the independence assumption in the fitted model.

5. Applications to Wearable Device Data. Wearable biosensors offer an unprecedented
opportunity to non-invasively monitor physiological rhythms in real-world settings (De Zam-
botti et al., 2024). We apply our proposed framework on two distinct datasets: (i) actigraphy
data from epilepsy patients, and (ii) temperature-activity data from a healthy subject.
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Fig 3: Simulation Study. (a) Simulated observations (dots) and true underlying signal (lines)
for the two components. (b) Posterior inclusion probabilities (PPIs; black lines) and estimated
square root of signal power (blue lines) for frequencies with PPI greater than 0.5. The shaded
region highlights a frequency that is jointly selected across both components but with distinct
amplitudes, illustrating the model’s ability to recover partially shared spectral features.

5.1. Wearable Activity Monitoring in Epilepsy Studies. Actigraphy data provide a non-
invasive means of tracking rest-activity cycles, capturing key metrics such as sleep duration
and daytime movement levels. In epilepsy research, these data can reveal patterns associ-
ated with seizure frequency and psychiatric symptoms like depression and anxiety (Abboud
et al., 2023). Identifying the specific frequencies, amplitudes, and phases within these cy-
cles presents a challenge, yet these components may hold promise as a biomarkers that may
encode states of neurological or psychiatric compromise (Smagula et al., 2024).

5.1.1. Study Framework and Data Preprocessing. Our analysis focused on data previ-
ously introduced by Abboud et al. (2023). Participants were enrolled through the Baylor
Comprehensive Epilepsy Clinic in Houston, TX. The study targeted adults aged 18 to 75 with
partial-onset seizures. Each participant wore an FDA-approved Actiwatch-2 device (Philips
Respironics), highly durable and widely trusted in clinical research, continuously on their
non-dominant wrist, including during sleep and showers. The Actiwatch-2 uses piezoelec-
tric sensors calibrated to measure wrist movement via a single-axis accelerometer. For this
analysis, we considered six individuals. We conducted a series of preprocessing steps on the
raw activity data, adapting established methods (Huang et al., 2018; Abboud et al., 2023).
First, we applied a logarithmic transformation (adding one to each value). Next, we used a
moving average filter with a 15-point window, equivalent to a 15-minute span, followed by
downsampling by averaging every five consecutive points, yielding a 5-minute sampling rate.
This process resulted in time series with lengths 7" ranging from 1725 to 2301 data points.

5.1.2. Parameter Settings. For our proposed methodology, we selected a grid of Fourier
frequencies, ensuring the grid was sufficiently dense given the length of the time series. We
set a =1 and b = 10,000 to promote a high degree of prior sparsity for the frequencies.
This choice is guided by the sensitivity analysis presented in the Supplementary Material,
where we evaluated the effect of varying b on frequency recovery across a wide range of
sample sizes. Notably, for time series lengths comparable to those encountered in the real
data applications, the setting b = 10,000 provided a favorable balance—yielding low error
in frequency selection and signal reconstruction, while closely approximating the true num-
ber of active frequencies. While alternative strategies such as empirical Bayes via MMLE or
tuning via cross-validation could be explored, our empirical results indicate that the chosen
value of b offers robust and competitive performance in the considered regimes. Additionally,
we imposed a minimum frequency distance of d = 5 to ensure sufficient separation between
selected components. As discussed in Section 2.2.1, this constraint is particularly relevant
in biological time series, such as actigraphy, where dominant rhythms like circadian (~ 24
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hours), ultradian (e.g., 12 hours), and infradian cycles are of interest. On a fine frequency
grid, nearby bins often correspond to periods that are nearly indistinguishable in physiolog-
ical terms (e.g., 24.1 vs 23.7 hours). Setting d = 5 reduces the risk of selecting redundant
or collinear frequencies in such dense regions, enhancing interpretability while stabilizing
inference. The MCMC sampler was run for 50, 000 iterations, with the first 25, 000 discarded
as burn-in. Posterior predictive graphical checks, presented in the Supplementary Material,
demonstrate that the estimated model accurately captures the structure of the observed data.

5.1.3. Results. Figure 4 presents the results for Subject 1, while the corresponding re-
sults for the remaining five subjects are shown in the Supplementary Material. The first panel
displays the observed standardized actigraphy time series. The second panel shows the esti-
mated frequencies alongside their PPIs and corresponding square-root spectral power, with
the raw periodogram in the third panel serving as a baseline for comparison. The fourth panel
illustrates the posterior distribution over the number of selected frequencies. These results
highlight the efficacy of the proposed spike-and-slab prior in identifying the most signifi-
cant frequencies that contribute to the observed oscillatory patterns. The number of selected
frequencies varies across individuals, reflecting differences in the periodic structure of their
actigraphy data. Some subjects exhibit relatively simple oscillatory patterns characterized by
a few dominant frequencies, while others display more intricate dynamics with a greater num-
ber of selected periodic components. As expected, all subjects exhibited a strong circadian
(24-hour) periodicity, indicating the robust presence of diurnal rest-activity cycles. Subjects
3,4, and 5, shown in the Supplementary Material, share similar oscillatory patterns, with ul-
tradian (less than 24 hours) oscillations observed at approximately 12 and 6 hours. Subject 6
exhibits a comparatively simpler oscillatory pattern, characterized primarily by periodicities
at approximately 24 and 12 hours. Notably, the periodogram for Subject 4 appears noisier
compared to the others. In contrast, Subject 2 demonstrates an additional periodicity at ap-
proximately 13 hours, while Subject 1 presents a more complex oscillatory pattern. This is
evidenced by the greater number of selected frequencies, which include ultradian oscillations
at approximately 12, 8, 6, and 3.6 hours, in addition to the dominant circadian rhythm.

Our findings hold significant implications for monitoring circadian and ultradian rhythms
in clinical populations. By automatically identifying key periodic components, the proposed
methodology could serve as a powerful tool for tracking variations in rest-activity rhythms,
potentially offering new insights into the relationship between these rhythms and neurologi-
cal states, such as seizure frequency and psychiatric symptoms, including depression or anx-
iety. Indeed, the connection between mental health and actigraphy has primarily focused on
circadian rhythms, while interindividual variability in the expression of ultradian rhythms has
not been extensively explored. This is because traditional periodography often struggles to
distinguish genuine ultradian rhythms from artifactual periodicities, as the dominance of the
circadian oscillator can obscure ultradian rhythmicity. Furthermore, exogenous factors, such
as a regular 8-hour eating schedule, can also produce pronounced 8-hour ultradian rhythms.
Recent findings (Adhyapak et al., 2024) reveal unique signatures of ultradian rhythms ex-
pression between individuals, with these signatures also exhibiting temporal variability.

We further compared our proposed approach to spectral LASSO and spectralEN. Spectral-
LASSO identified an average of 322 frequencies across the six subjects, whereas spectralEN
identified an average of 353 frequencies. This indicates that both methodologies struggle to
automatically isolate the dominant frequencies from the broader set of candidates, with spec-
tralEN tending to select a larger number of frequencies than spectral LASSO. These compar-
isons highlight the strengths of the spike-and-slab prior, which effectively balances sparsity
and model fidelity. By doing so, it enables the identification of a parsimonious set of frequen-
cies that closely align with prominent peaks in the periodogram, while also mitigating the
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risk of overfitting to noise. Additionally, the posterior probability intervals provide a clear
and interpretable measure of uncertainty in frequency estimation. These findings underscore
the advantages of selection approaches over traditional spectral analysis methods, as they
automate the selection of meaningful frequencies in a principled manner.
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Fig 4. Wearable Activity Monitoring. Left panel: standardized activity time series, with
gray bands indicating 8 AM-8 PM; second panel: estimated periodicities with posterior in-
clusion probabilities and square-root spectral power; third: raw periodogram; and fourth:
posterior distribution of the number of selected frequencies.

5.2. Bivariate Case Study. Skin temperature and physical activity are two circadian-
regulated signals with known physiological coupling. While core body temperature usually
peaks in the late afternoon, skin temperature at the body’s surface tends to rise during the
early night, helping the body release heat and fall asleep more easily. This antiphase dy-
namic reflects the underlying circadian drive on thermoregulation and behavior, and has been
leveraged in personalized medicine approaches such as chronotherapy. In recent years, mo-
bile health platforms have enabled simultaneous and continuous telemetric monitoring of
skin surface temperature and physical activity, offering a unique opportunity to study these
rhythms. The data analyzed here were originally collected using the PICADo mobile e-health
platform and have been studied separately in previous works. Under a stationarity assump-
tion, Komarzynski et al. (2018) analyzed the skin temperature time series and identified both
strong 12-hour and 24-hour rhythms. Hadj-Amar et al. (2020) applied a nonstationary os-
cillatory model with an unknown change point to the same data, demonstrating that skin
temperature alone can be used to detect sleep periods and reveal ultradian oscillations during
the night—oscillations that are consistent with transitions between REM and non-REM sleep
stages. Huang et al. (2018) modeled the activity data using a circadian hidden Markov model,
while Hadj-Amar, Jewson and Fiecas (2023) employed a semi-Markov switching process for
activity dynamics. To our knowledge, this is the first time that temperature and activity data
from this dataset have been jointly analyzed within a unified statistical framework. Our pre-
processing procedure follows Komarzynski et al. (2018), applying a square-root transforma-
tion to the raw activity counts and subsequently standardizing both time series. The resulting
bivariate signals, spanning four consecutive days, are displayed in Figure 5(a).

5.2.1. Results. We adopt the same hyperparameter settings of the univariate application
(Section 5.1) and specify the Dirichlet prior parameter « for the inclusion patterns as in the
bivariate simulation study (Section 4.2). The posterior distribution over the number of se-
lected frequencies indicates that physical activity most likely contains six dominant periodic
components, with posterior mode P(M; = 6) = 0.35, followed by seven components with
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Fig 5: Bivariate Case Study. (a) Time series of skin temperature and physical activity with
nighttime intervals shaded in gray (8 PM to 8 AM). (b) PPIs (black) and estimated power
(blue) across periodic components, with shared periodicities highlighted in orange.

P(M; =7)=0.29. In contrast, skin temperature shows a posterior mode at seven compo-
nents (P(My = 7) = 0.33), with substantial probability mass at six and eight components
(P(Ms2=6)=0.23, P(My = 8) = 0.23). Posterior predictive checks indicate that the model
faithfully reproduces the temporal dynamics of both signals, as evidenced by close alignment
between observed data and posterior predictive draws (see Supplementary Material).

Figure 5(b) displays PPIs and estimated signal strength for the periodic components of
physical activity (right panel) and skin temperature (left panel). In the activity signal, a dom-
inant circadian rhythm emerges at approximately 24 hours. In contrast, while the tempera-
ture signal also shows evidence of a circadian component, its posterior amplitude is notably
lower, suggesting reduced circadian influence relative to activity. Both modalities reveal rich
ultradian dynamics. In particular, common components are identified near 3.4 and 8.3 hours,
although their relative contribution differs between signals. For instance, the 8.3-hour oscilla-
tion exhibits high amplitude in temperature but is comparatively weaker in activity, whereas
the 3.4-hour component, though less prominent, shows similar magnitude across both modal-
ities. The presence of a shared ultradian rhythm near 3.4 hours is biologically meaningful, as
it likely reflects coupled regulation between physical activity and thermoregulatory systems
(Goh et al., 2019). In contrast, temperature shows additional specific components—such as
at 6 hours and 11.9 hours—that are absent or significantly smaller in the activity signal, sug-
gesting internal thermoregulatory cycles that operate independently of physical movement.
The 11.9-hour component, consistent with a circahemidian rhythm, may emerge as a subhar-
monic of the underlying circadian oscillator (Grant et al., 2018). Moreover, some ultradian
components appear modality-specific, including the 4.6-hour and 6-hour rhythms in tempera-
ture and the 4.8-hour and 6.7-hour components in activity, underscoring partially independent
rhythmic processes. Overall, our analysis reveals that temperature and activity signals follow
different, yet partly overlapping, rhythmic patterns. While physical activity primarily cap-
tures the circadian cycle, skin temperature exhibits a broader range of ultradian periodicities,
emerging as a complementary biomarker for chronophysiological dynamics. The bivariate
framework offers a flexible model of how physiological rhythms work together or differ.

6. Discussion. We have introduced a Bayesian spike-and-slab framework for spectral
analysis, offering a robust and interpretable approach to identifying meaningful periodicities
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in time series data. The proposed approach integrates frequency selection and dimensionality
reduction using a refined grid of candidate frequencies, achieving high-resolution recovery
of oscillatory components while enforcing sparsity through a spike-and-slab prior. We have
designed an efficient stochastic search algorithm to explore the posterior space and estimate
posterior inclusion probabilities to assess the significance of each frequency. Using simulated
data, we have shown superior performance of the proposed method in identifying relevant
frequencies and estimating spectral power compared to alternative approaches. Additionally,
we have shown that using a finer frequency grid enhances accuracy in estimating power
and reduces error metrics relative to the classical Fourier grid, highlighting the advantages
of higher-resolution frequency selection. An application to actigraphy data from individu-
als with partial-onset seizures demonstrated the model’s ability to identify clinically relevant
rhythms, highlighting its potential as a tool for linking rest—activity patterns to neurologi-
cal and psychiatric states. We have further extended the framework to the multivariate setting
through a hierarchical prior on frequency inclusion, enabling the identification of both shared
and component-specific rhythms across multiple signals. Applied to bivariate wearable mea-
surements from a healthy individual to jointly model wrist activity and skin temperature, the
model successfully captured partially overlapping ultradian components and known physio-
logical coupling between thermoregulatory and behavioral rhythms. These results underscore
the flexibility of the proposed method for multichannel physiological data and support its use
in future applications of chronobiological modeling and digital health analytics.

Extensions in several directions may further broaden the utility and robustness of the pro-
posed framework. First, the current model introduces a minimum separation parameter d that
enforces a spacing constraint between selected frequencies through the indicator function
I(Jwj — wk| > d). This parameter acts as a resolution control that prevents the model from
selecting clusters of nearly indistinguishable frequencies on a refined grid. An interesting ex-
tension would be to treat d as a random parameter and allow the data to inform the degree of
separation enforced by the model. However, because the constraint directly determines the
set of admissible configurations of the inclusion indicators, different values of d correspond
to different model spaces. In particular, the support of the prior on the inclusion indicators de-
pends on d, and the constrained prior distribution involves a normalization constant equal to
the number of admissible frequency configurations satisfying the separation constraint. This
quantity depends on d and is combinatorial in nature, which would substantially complicate
posterior computation and the design of the MCMC algorithm. For this reason, in the present
work d is treated as a user-specified resolution parameter. Nevertheless, allowing the degree
of frequency separation to be learned from the data is an interesting research direction.

A second limitation concerns scalability in the multivariate extension. In the proposed
formulation, each candidate frequency w; is associated with a joint inclusion pattern

(z](-l), e ,z](-D)) across the D components, leading to 22 possible configurations. As a result,
the number of possible joint patterns grows exponentially with the dimension D, increasing
both the number of parameters in the prior specification and the computational cost of ex-
ploring the corresponding model space through MCMC. While this formulation allows the
model to capture shared and component-specific oscillatory behavior in a coherent proba-
bilistic framework, the exponential growth in the number of configurations may limit scal-
ability when the number of components becomes large. In practice, the approach remains
computationally feasible for small to moderate values of D, such as the bivariate case con-
sidered in our experiments, where the joint inclusion structure provides a flexible mechanism
for modeling partially shared rhythms across signals. More scalable formulations for higher-
dimensional multivariate time series, potentially through more parsimonious joint priors or
structured dependence across components, is another promising direction for future work.
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Additional extensions could enhance the modeling framework. Alternative basis functions,
such as wavelets or splines, could improve performance in the presence of nonstationary or
localized temporal features. More flexible error structures, such as autoregressive or state-
space models, would allow to better capture residual temporal dependence when needed.
From a theoretical standpoint, posterior contraction rates and model selection consistency
under spike-and-slab priors in the spectral domain could provide valuable insights into the
estimator’s properties. Additional gains could come from integrating time-varying covariates
or subject-level information, for a deeper exploration of how rhythmic dynamics relate to
external influences. Finally, improvements in computational efficiency via parallelization or
variational inference would support applications to larger datasets. Although developed for
wearable device measurements, this methodology could be adapted to detect periodic struc-
ture in other scientific domains, including neuroscience, finance, and meteorology.

Supplementary Materials. Supplementary materials available online include additional
simulation details, convergence diagnostics, and posterior predictive checks. The Julia
files used for the analysis can be accessed at https://github.com/Beniamino92/
BayesFregSelect. Real data used in the applications can be obtained from the corre-
sponding author, upon reasonable request.
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